LOCATING CENTERS OF RIGIDITY OF BUILDINGS
USING THE STATIC CONDENSATION ALGORITHM

Por Juan Carlos Molano Toro?!

ABSTRACT

This paper presents a new approach for code lateral force analysis of any
asymmetric-plan buildings locating centers of rigidity using the static
condensation algorithm on the complete stiffness lateral and torsional
matrix. A comparative analysis 1s made through one example using this
algorithm.

INTRODUCTION
In the paper from Goel and Chopra(l1993) these authors affirm:

a) “Unlike one-story Dbuildings, there are several difficulties 1in
establishing locations of the CR at wvarious floor 1levels of a
multistory building unless it belongs to a special class known as
proportional buildings (Cheung and Tso 1986; Hejal and Chopra 1987;
Riddell and Vasquez 1984)”.

b) “However, Cheung and Tso (1986) defined the CRs as the set of points
located on the building floors through which application of lateral
forces would cause no rotation of any of the floors. For a chosen
definition of the CRs, their location depends on the heightwise
distribution of lateral forces”.

c) “Most commercially available computer programs for structural analysis
do not have the capabilities of the matrix calculations required to
determine the CRs by available procedures (Cheung and Tso 1986; Hejal
and Chopra 1987)"”.

The numerical approach presented by Molano (2021), supported by Cook
(1981) on pages pp 186-187 and Wilson, E. L. (1974) pp. 198-203, will be
used here to condense a symmetric and positive lateral-torsional stiffness
matrix (referred to an arbitrary origin (0,0) different from the center of
mass) to determine the CRs in a quick way. With the help of this numerical
algorithm, it will be easy to implement a static procedure in the Code for
multi-story buildings with any plan asymmetry.
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Computation of Centers of Rigidity
Matrix Approach

Consider an N-story building with any arrangement of lateral-load
resisting elements connected by rigid diaphragms (Fig. 1).

FIG. 1. TYPICAL FLOOR PLAN, ASYMMETRIC WALL-FRAME STRUCTURE from Rutenberg(1979)

For lateral force analysis in the x- and y-directions , the building plan
is treated as asymmetric about the y-direction without the loss of
generality because building codes require such independent analyses 1in
the x- and y-directions.

The lateral-torsional stiffness matrix for an N-story building has the
following format:

Kyy Kyx Kye||uy Fy
[K] 3mx3n— Kxx Kxe||ux|= |Fx S &
S5YM Koo e [;] Fea
in which the displacement vectors = uly= < Uy, Uyp2, .., Uyi,.Upn>, ul,= <
Ux1, Ux2, w., Uxjs..Uxn>, Y uleo = < ue;, uer, ., ue;,...uen> , where uy; = y-lateral

displacement, uxj =x-lateral displacement y ug; = 6-torsional displacement
at a selected reference point on the jth floor; and Fff: < Fyi, Fyo, ..,
ij/mFyN> ’ FTX: < Fxi, Fx2, .., ij/~~~FXN>/ Y FT@ = < Foi, Fo2, .., F@j/---F9N>/
where Fy; = lateral force 1in y-direction, Fxj = lateral force 1in x-

direction, y Fp; =floor torque applied at the selected reference point on



the jth floor. The various submatrices of the stiffness matrix in(l) can
be obtained from Winokur and Glick(1968).

ANALYSIS USING THE STATIC CONDENSATION ALGORITHM

In terminology from Cook(1981):

N=number of stories of building,

NSIZE=3*N= number of d.o.f on the uncondensed system,

NUM=the last d.o.f. of NSIZE to condense.

Step 1. The system of equations in (1) 1s condensed or eliminated with

NUM=2*N, FT,<>[0.0], F%,=[0.0], FT'¢=[0.0], meaning the elimination process
of the system of equations is performed from row i=1 to row i=N.

Step 2. [Fp] is obtained using the data from the last N d.o.f.

Step 3. [Xr] is obtained with [Xgr] = | —[Fy]l t*[Fe] | (2)

Step 4. The system of equations in (1) 1s condensed or eliminated with

NUM=N, FT,=[0.0], FT<>[0.0], FT'¢=[0.0], meaning the elimination of the
system of equations continues from row i=N+1 to row 1=2*N.

Step 5. [Fp] is obtained using the data from the last N d.o.f.
Step 6. [Yr] is obtained with [Yr] = | —-[Fx] '*[Fg] | (3)

EXAMPLE USING THE STATIC CONDENSATION ALGORITHM

The example (Goel and Chopra 1993; Tso 1990) is a four-story building

having three frames in y-direction and two frames in x-direction. The
building is symmetric in x-direction (Fig. 2). The data as follows:

Frames 1in y-direction: A, B, C.

Frames 1n x-direction: 1, 2

Torsion in z-direction

Ibeans = Ix = Iy = 0.30m* frames A, B, C.

Tcolumns = Ix = Iy = 0.10m* frame B.

Tcolumns = Ix = Iy = 0.05m* frames A y C.

(Ipeams = Ix = Iy = 0.30m* frames 1, 2.

Jo = Iz = 0.0 for all beams and columns.

E = 1.0kN/m2, v=poisson=0.20

The columns are assumed to be axially rigid.

The floors weight are 20kN for each of the bottom floors and 10kN for the
top two floors.

The base shear Vb for this building example is=0.6*60/2= 18kN.
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FiG. 2. Example Building, from Goel, R. K and Chopra(1993).

The lateral forces Fyj are computed in Table 1 (Goel and Chopra 1993).

TABLE 1. Heightwise Distribution of Lateral Forces

Floor Height Weight Fo- wh v
' 7 . ]
i h, | W; wh, " Z wih,
. 2) (3) (4) (3)
4 16 10 160 5.54
3 12 10 120 4.15
2 8 20 160 5.54
| 4 20 80 2.77

The total lateral-torsional symmetric stiffness matrix [K]i3nxan referred to
origin (0,0) arbitrary (does not coincide with the center of mass)is as

follows: [Kyylnxn, [Kyx]lnxen, [KyB]lnxn, [Kxx]nxn, [Kx0]lnxn, [KOO]nxn;
the upper triangular matrix (Fig 3).

N=4=number of stories of building.

NSIZE=3*N=3*4=12= number of d.o.f on the uncondensed system.
NUM=the last d.o.f. of NSIZE to condense.

NUM=2*N=2*4=8 the last d.o.f. of NSIZE to condense in Step 1.

NUM=1*N=1*4=4 the last d.o.f. of NSIZE to condense in Step 4.
4
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Fig. 3 Total Lateral-Torsional Stiffness Matrix [K]3nx3n
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Fig. 4 Steps Using Static Condensation Algorithm
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The location of the CRs for all floors in y-direction are shown in column

2 of Table 2 (Goel and Chopra 1993)

4 of this paper.

and have the same results shown in Fig

TABLE 2. Location of Centers of Rigidity and Floor Eccentricities for Example

Buildiqg
Floor | Location of center of rigidity Floor eccentricity

J (m) (m)
(1) (2) (3)

4 5.99 (.99

3 6.17 1.17

2 17.55 1.55

1 8.59 =1.41

In the Table 3 are

shown

shears
direction using the Standard Approach (CRs)

in columns
by Molano (1995, pag 792).

of frames A, B, C in y-

TABLE 3. Shears in columns of Frames A, B, C in y-Direction
of Example Building by Standard Approach(CRs)

Design
Floor vj@ Vj® Shear
Frame j (kN) (kN) (kN)
(1) (2) 3) (4) (5)
A 4 1.612 1.157 1.612
3 2.814 1.962 2.814
2 4.229 2.880 4.229
1 4.517 2.895 4517
B 4 1.156 1.611 1.611
3 2.030 2.883 2.883
2 3.126 2.944 3.126
1 4.147 4.142 4.147
C — — — —
2 0.258 1.789 1.789
1 0.334 1.960 1.960
o= 1.500, B= 0.100, &= 1.000
Mt;@) = Fii[ (1.0 - @)CR i + ()CM i - (B)bj i ] (4)
Mt; P = Fii[ (1.0 - §)CR i + (§)CM i + (B)bj i ] (5)

Mt; (@, Mt;®) the floors torque applied at the selected reference
point on the i-th floor to obtain the resulting values of the
(force or deformation).

desired response

In the Table 4 are

shown

shears
direction using the New Approach by Molano

in columns

of frames A, B, C in y-

(1995, pag 793).



TABLE 4. Shears in columns of Frames A, B, C in y-Direction
of Example Building by New Approach

Design
Floor | Vj® Vj@ Vj® vj@ Vj® Shear
Frame j (kN) | (kN) (kN) (kN) | (kN) (kN)
(1) (2) (3) (4) (5) (6) (4] (8)
A 4 1.227 1.345 0.186 1.590 1.159 1.590

3 2.000 | 2.305 0.342 2.800 | 1.963 2.800

2 2.126 | 3.290 0.410 4.282 | 2.880 4.282

1 2406 | 3.455 0.559 4.539 | 2.896 4.539
B 4 1.542 | 1424 | -0.186 1.179 | 1.610 1.610

3

2

1

2.845 | 2540 | -0.342 | 2.045 | 2.882 2.882
2.959 | 3.018 0.074 3.121 2.944 3.121
4.144 | 4.144 0.002 4.146 | 4.142 4.146

C — — — — — — —
2 | 2528 | 1.305 | -0483 | 0.211 | 1.788 | 1.788
1 2.448 | 1.398 | -0.561 | 0.312 | 1.959 | 1.959
a = 1.500, B = 0.100, d = 1.000
rt@ = (1.0 - a)r + (a)r® + (6)
r® = (1.0 - &) rP) + (& r@» - 6 (7)

r@ r® the resulting values of the desired response
(force or deformation)

For the former results in Table 3 and Table 4 the mathematical proof is
presented in Appendix I.

CONCLUSIONS

A Static Condensation Algorithm has been presented to obtain the CRs for
the analysis of multi-story buildings in a quick way. The new approach 1is
complemented and verified by Molano(1995), pages 792-793.

With the help of this numerical algorithm, it will be easy to implement a
static procedure in the Code for multi-story buildings with any plan
asymmetry, thereby removing one of the major difficulties in buildings

analysis.
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